Theoretical Description of Micromaser in the Ultrastrong-Coupling Regime by Yu, Deshui et al.
Theoretical Description of Micromaser in the Ultrastrong-Coupling Regime
Deshui Yu1, Leong Chuan Kwek1,2,3,4, Luigi Amico1,5,6, and Rainer Dumke1,7,∗
1Centre for Quantum Technologies, National University of Singapore, 3 Science Drive 2, Singapore 117543, Singapore
2Institute of Advanced Studies, Nanyang Technological University, 60 Nanyang View, Singapore 639673, Singapore
3National Institute of Education, Nanyang Technological University, 1 Nanyang Walk, Singapore 637616, Singapore
4MajuLab, CNRS-UNS-NUS-NTU International Joint Research Unit, UMI 3654, Singapore
5CNR-MATIS-IMM & Dipartimento di Fisica e Astronomia, Universita´ Catania, Via S. Soa 64, 95127 Catania, Italy
6INFN Laboratori Nazionali del Sud, Via Santa Sofia 62, I-95123 Catania, Italy and
7Division of Physics and Applied Physics, Nanyang Technological University, 21 Nanyang Link, Singapore 637371, Singapore
(Dated: Wednesday 19th April, 2017)
We theoretically investigate an ultrastrongly-coupled micromaser based on Rydberg atoms in-
teracting with a superconducting LC resonator, where the common rotating-wave approximation
and slowly-varying-envelope approximation are no longer applicable. The effect of counter-rotating
terms on the masing dynamics is studied in detail. We find that the intraresonator electric energy
declines and the microwave oscillation frequency shifts significantly in the regime of ultrastrong cou-
pling. Additionally, the micromaser phase fluctuation is suppressed, resulting in a reduced spectral
linewidth.
PACS numbers: 32.80.Ee, 42.50.Pq, 42.55.Sa, 85.25.Am
Introduction. The recent dramatic progress in su-
perconducting quantum circuits enables the fundamen-
tal study of ultrastrong interfaces between particles and
electromagnetic fields. Recently, artificial atoms have
been linked to the superconducting microwave resonators
in the ultrastrong coupling regime [1–4]. Furthermore,
there is large experimental effort to store neutral atoms
in the vicinity of superconducting circuits [5–10], paving
the way towards masing/lasing physics in the regime
of ultrastrong coupling. Conventional masers and their
optical counterpart, lasers, rely on the weak/strong
particle-resonator interactions, for which the well-known
rotating-wave and slowly-varying-envelope approxima-
tions are usually employed to explore the system char-
acteristics [11–23].
The rotating-wave approximation fails when the cou-
pling strength between electromagnetic fields and active
particles is close to the electromagnetic frequency [24,
25]. Actually, the counter-rotating terms take appar-
ent effects in some circumstances, for examples, quantum
chaos [26–30], Landau-Zener transitions of a qubit in cir-
cuit QED [31, 32], entanglement of spin anticorrelated
state [33, 34], maser/laser dynamics [35–38], et al., even
when the atom-field interaction is much smaller than
the electromagnetic frequency. Also, the slowly-varying-
envelope approximation becomes invalid because such an
ultrastrong atom-field interaction significantly disturbs
the electromagnetic field at a rate comparable to the
carrier frequency. Owing to the large cavity-mode vol-
ume and small atomic dipole moments, the ultrastrong-
coupling regime has never been experimentally accessed
before in the conventional maser/laser physics.
In this paper, we study a hybrid micromaser system
based on Rydberg atoms interacting with a supercon-
ducting LC resonator. The atom-resonator coupling
strength is tuned from the weak- to the ultrastrong-
coupling regime, where the ordinary rotating-wave and
slowly-varying-envelope approximations are inapplicable.
The resulting micromaser properties in different regimes
exhibit distinguishing characteristics. The nonconven-
tional behavior in the regime of ultrastrong coupling is
attributed to the counter-rotating terms.
Physical model. We consider a micromaser system,
where 87Rb Rydberg atoms interact with a single-mode
superconducting electromagnetic cavity (see Fig. 1a).
The resonator, operating at mK temperatures to sup-
press the thermal background, is designed for an experi-
mentally accessible resonance frequency of ω0 = 2pi×10.0
GHz. For a LC resonator, as an example, this can be
achieved by using an inductor of L = 0.7 µH [39] and a
capacitor C composed of a pair of parallel cylinders with
a radius of a = 4.0 µm, length of ∆l = 4.1 µm along
the z-axis, and interaxial distance of d = 8.4 µm in the
x-direction, resulting in a capacitance of C = 362.0 aF.
The smallest intercylinder distance is d = b − 2a = 0.4
µm (d 2a). The atoms propagate along the x-direction
in vicinity to the capacitor plates and couple to the z-
direction fringe field ηE . The parameter η measures
the ratio of fringe field to central field E inside capaci-
tor. Changing the distance between atoms and capacitor
varies η (see Fig. 1b) and hence tunes the atom-resonator
coupling strength.
Following [40], the quality factor of superconducting
LC resonator is estimated as Q = ω0κ = 2 × 104, where
κ = 2pi × 0.5 MHz denotes the rate of energy loss within
resonator. According to Kirchoff’s Laws, the wave equa-
tion for the electric field E inside capacitor is derived as
d2
dt2
E(t) + κ d
dt
E(t) + ω20E(t) +
1
0
d2
dt2
P(t) = 0, (1)
where P is the polarization density of gain medium and
0 is the vacuum permittivity. The above second-order
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FIG. 1. (Color online) Micromaser scheme. (a) Slowly moving Rydberg atoms interact with a superconducting LC resonator
via the fringe field ηE of capacitor. A static electric field E is applied to tune the atomic levels. (b) η vs. the distance y with
x = z = 0. The origin (x = y = z = 0) of coordinates is set at the central point of the cylindrical capacitor C. (c) dc Stark
map of 87Rb. The detail inside the rectangle frame is shown in (d). (e) Schematic of pumping process. Before entering the
capacitor, the atoms are excited onto the Rydberg 222D5/2(m =
5
2
) state via the two-photon transition.
differential equation describes also common maser/laser
systems [41]. The medium polarization P governs the dis-
persion and absorption/amplification of microwave. Un-
like the traditional maser/laser theory, here we do not
utilize the slowly-varying-envelope approximation to con-
vert Eq. (3) into a first-order form because the ultra-
strong atom-resonator coupling varies the amplitude of
electromagnetic field rapidly, comparable with the car-
rier frequency.
An external electrostatic field E along the z-direction
is applied on the atoms to adjust the energy spectrum
of 87Rb (see Fig. 1a). Following the condition given
by the resonator, a suitable candidate for the maser
transition is shown in the dc stark map (see Fig. 1c
and 1d) of 87Rb around the 222D5/2(m =
5
2 ) Rydberg
state, calculated according to [42, 43]. It is seen that
at E = 550.7 V/cm there exists an avoided-level cross-
ing occurring between two adiabatic curves starting with
222D5/2(m =
5
2 ) and a manifold Φn=20 composed of a
set of |n = 20, l ≥ 3, j = l ± 12 ,m = 52 〉 (n, l, j, and
m are the principal, orbital, total angular momentum,
and magnetic quantum numbers, respectively) at E = 0.
The energy gap of anticrossing is given by Ω = 2pi × 3.2
GHz. Two eigenstates |u〉 and |l〉, far enough away from
the energy-level anticrossing, in different adiabatic curves
are chosen to form the maser transition with a frequency
of ωa. The large energy separations between |u〉, |l〉 and
any other adiabatic eigenstates strongly suppress the lat-
ter’s effect on the masing dynamics. Thus, the Rydberg
atom can be simplified as a two-level system consisting
of |u〉 and |l〉.
The coherent atom-resonator interface is governed by
the Hamiltonian [44]
H = ~
∑
j
θ(t− tj)
[
ωa
2
σ(j)z +
Ωeff(t)
2
σ(j)x
]
, (2)
where the unit step function θ(t − tj) denotes the j-th
atom starts interacting with the superconducting LC res-
onator at the time tj . The maser-transition frequency ωa
can be tuned by adiabatically varying the electrostatic
field E. The time-dependent effective driving frequency
is defined as
Ωeff(t) = Ω− 2ηd0E(t)/~. (3)
d0 = |〈u|µ|l〉| = 385 ea0 [44] gives the atomic dipole
moment of the masing transition, where µ is the electric
dipole operator of an atom. The Pauli matrix operators
for the jth atom are defined as σ
(j)
x = σ
(j)†
− + σ
(j)
− and
σ
(j)
z = σ
(j)
uu − σ(j)ll with σ(j)uu = (|u〉〈u|)j , σ(j)ll = |l〉〈l|, and
σ
(j)
− = (|l〉〈u|)j .
The pumping scheme is illustrated in Fig. 1e. The
electrostatic field E is produced by another constant-
voltage-biased capacitor, whose inner region is divided
into a wedge-shaped and a parallel-plate part [45]. The
connection between plates of different parts should be
arch-shaped to suppress the edge effect. The static elec-
tric field gradually increases from zero to E in the wedge-
shaped region and remains at E in the parallel-plate re-
gion. Atoms in the ground state 52S1/2(m =
1
2 ) fly into
the capacitor individually. We assume that the atoms
have the same velocity v and are equally separated with
a distance of about ∆l (large enough to suppress the ef-
fect of interatomic interaction on the masing dynamics),
leading to only one atom N = 1 interacting with the res-
onator at a time. The realization of such a deterministic
source of atoms increases the complexity of experimental
implementation. Before entering the electrostatic-field
capacitor, the atoms are excited into 222D5/2(m =
5
2 )
via the light fields at 475 nm and 780 nm. Then, they
adiabatically transit to the upper masing level |u〉, re-
sulting in the population inversion in the parallel-plate
region. Since we do not focus on the intensity fluctuation
of maser field in this work, a Poissonian-pumping statis-
tic is assumed for simplicity (see Appendix A). How-
ever, it should be noted that a sub-Poissonian or reg-
ular pumping can lead to the memory effects and reduce
3a d b c 
FIG. 2. (Color online) (a) Time-averaged energy I (in units of ~ω0) of the steady-state electric field Es(t) changing with the
pumping rate R for different coupling strengths g. The atomic-transition frequency ωa is shifted to
√
ω20 − Ω2. (b) The energy
I is depicted in dependence on ωa for different g with R/κ = 20. (c) I vs. g with R/κ = 20 and ω
′
a = ω0. For comparison,
we also insert the results of conventional maser/laser theory (solid lines) in (b) and (c). The calculated frequency difference
δω = ωc − ω0 between the microwave frequency ωc and the resonator frequency ω0 is displayed in (d), where the solid line
indicates the expected frequency shift taking into account the Bloch-Siegert shift and frequency pulling effect. The other
parameters in (d) are same to (c).
the low-frequency intensity fluctuation of the maser/laser
field [14–16].
The injection values of atomic variables are derived
at σ¯z = 〈σ(j)z (t = tj)〉 = (Ω2 − Ω′2)/(Ω′2 + Ω2),
σ¯x = 〈σ(j)x (t = tj)〉 = 2Ω′Ω/(Ω′2 + Ω2), and σ¯y =
〈σ(j)y (t = tj)〉 = 0, where the y-component Pauli ma-
trix operator σ
(j)
y = −i(σ(j)†− −σ(j)− ) and we have defined
ω′a =
√
ω2a + Ω
2 and Ω′ = ω′a − ωa. The zero-Kelvin life-
times of |u〉 and |l〉 are of the order of 10 µs [46]. However,
the Rydberg-state lifetimes are strongly reduced when
the atom is nearby the chip surface due to the stray elec-
tric fields [47] and ionization [48]. According to [49, 50],
the decay rates of |u〉 and |l〉 are reasonably chosen to be
Γ = 2pi× 30.0 MHz for the typical atom-surface distance
of the order of 1 µm (corresponding to 0.1 ≤ η < 1) in
this work (see Fig. 1b). In addition, the Casimir-Polder
shifts hardly affect the atomic spectrum.
Applying the Heisenberg-Langevin approach [51–53],
we obtain the equations of motion for the c-number
atomic variables from H (see Appendix A)
d
dt
U(t) = Rσ¯x − ΓU(t)− ωaV(t) + FU (t), (4a)
d
dt
V(t) = −ΓV(t) + ωaU(t)− Ωeff(t)W(t) + FV(t),(4b)
d
dt
W(t) = Rσ¯z − ΓW(t) + Ωeff(t)V(t) + FW(t), (4c)
where U(t), V(t), and W(t) are the c-number counter-
parts of macroscopic atomic operators U(t) =
∑
j θj(t−
tj)σ
(j)
x , V (t) =
∑
j θj(t− tj)σ(j)y , and W (t) =
∑
j θj(t−
tj)σ
(j)
z , respectively. R = Nra is the injection rate of
atoms with ra = v/∆l. For the value of R interested in
this work, the atomic velocity v is of the order of 102. The
corresponding atom-resonator interaction time is tens of
ns, longer than the decay time Γ−1 of masing states,
avoiding the transit effect from the finite atom-resonator
interaction time [54]. FU,V,W(t) are the Langevin noises
for different atomic variables. The atomic polarizabil-
ity in Eq. (3) is given by P(t) = ηd0U(t)/Veff with the
effective volume Veff = Sd and S = Cd/0.
Neglecting the Langevin forces FU,V,W(t), Eqs. (3)
and (4) describe the semiclassical dynamics of microwave
laser without rotating-wave and slowly-varying-envelope
approximations. Due to the counter-rotating terms, the
hybrid system does not reach a stationary state and
the analytical investigation is unpractical. Here we em-
ploy the well-known fourth-order Runge-Kutta method
to numerically solve the masing dynamics. For an ar-
bitrary initial state, the dissipative atom-resonator sys-
tem arrives at an equilibrium state after a long time
t0  max(Γ−1, κ−1). We use Es(t), Us(t), Vs(t), Ws(t),
and Ωseff(t) to denote the steady-state solutions of elec-
tric field, atomic variables, and effective Rabi frequency,
respectively.
According to the circuit quantum electrodynamics [44]
and full quantum theory of traditional masers/lasers [14–
16], the magnitude of quantized electric field (produced
by the charge of Q =
√
2C~ω0) inside the resonator
is given by Evac =
√
2~ω0/(Cd2), where we have used
the fact that d  2a,∆l. We choose the parameter
g = ηd0Evac2~ = ηd0
√
ω0
2~0Veff , which is proportional to η,
to measure the atom-resonator coupling strength. For
η = 1, g reaches the maximum given by g0 = 2pi × 1.2
GHz. We define the cooperativity parameter of the hy-
brid system C = 2g2/(Γκ) = η2C0, with the maximum
C0 = 2.0 × 105. C−1 gives the critical atom number for
the masing/lasing output in the weak- or strong-coupling
regime [55].
Electric-field Energy. For the hybrid system in
the steady state, the time-averaged energy I of elec-
tric field confined in LC resonator is given by I =
40V 〈[Es(t)]2〉t = limT→∞ 0VT
∫ t0+T
t0
[Es(t)]2dt. In the
conventional maser/laser theory [56], I can be analyt-
ically derived as I = Is(R/Rth − 1), where the satu-
ration energy is Is = ~ω0 Γ
2
4g2
ω′2a
ω2a
[
1 +
(
ω′2a −w0
κ/2+Γ
)2]
, and
the pumping threshold is Rth =
κΓ2
2g2
ω′2a
ω2a
[
1 +
(
ω′2a −w0
κ/2+Γ
)2]
.
However, as we will see below, this result is only valid in
the weak- and strong-coupling regimes where the com-
mon rotating wave approximation is applicable.
Figure 2a displays I as a function of the pumping rate
R for several different coupling strengths g. A masing
threshold is present in the weak-coupling limit (C < 1).
In contrast, the masing dynamics exhibits threshold-
less behavior in the strong-coupling regime (C  1 and
g/g0  1) and I raises linearly as R is increased from
zero. Our numerical results agree with that of the tra-
ditional maser/laser theory in both weak- and strong-
coupling regimes.
When g is further enhanced to the regime of ultra-
strong coupling (g/g0 ∼ 1), I becomes lower than that
of the hybrid system operating in the strong-coupling
regime for increasing R. This degradation coincides with
the prediction in [35], i.e., the counter-rotating terms re-
duce the maser/laser gain. In addition, I is no long lin-
early proportional to R.
Figure 2b illustrates the energy I changing with the
atomic-transition frequency ωa. In the limit of ω0  g,
I maximizes at ω′a = ω0, i.e., the dc-Stark shifted atomic
transition is resonant to the LC resonator. As g is in-
creased, the masing region is broadened symmetrically.
For a very large atom-resonator coupling, the microwave
oscillation can be maintained even without the overlap
between the resonator-mode spectrum and the gain spec-
trum, |ω′a − ω0| > (κ + Γ). In the regime of ultra-
strong coupling, the dependence of I on ωa around ω0
is no longer symmetric, owing to the avoided energy-
level crossing between |u〉 and |l〉 when ωa approaches Ω
(see Fig. 1d). Our numerical result violates the conven-
tional maser/laser theory because of the counter-rotating
terms. The maximum of I is reduced and shifted to the
low-frequency side of ω0.
We further consider the dependence of I on g with the
resonant atom-resonator interaction, i.e., ω′a = ω0, for
a fixed R (see Fig. 2c). The conventional maser/laser
theory predicts that I is saturated when C  1. How-
ever, our numerical results shows clearly that I starts
to decline from g/g0 ≈ 0.1, i.e., g ∼ 10−2ω0, indicating
g  ω0 is not a sufficient condition for the validity of
common rotating-wave approximation. Actually, the de-
cline of I in the regime of ultrastrong coupling is caused
by the increasing effective population inversion. Energy
and atom number conservations give
Rσ¯z − ΓW0 = 2κI/(~ωa), (5)
where W0 ≡ 〈Ws(t)〉t is the averaged population in-
version. When g/g0 approaches 1, the counter-rotating
terms disturb the conventional rotating atom-resonator
interaction, resulting in the rise of W0 (see below) and
the decrease of I for a fixed pumping rate.
One can also derive the masing oscillation frequency ωc
from the numerical simulation. As shown in Fig. 2d, al-
though the superconducting cavity is resonantly coupled
to the dc-Stark shifted atomic transition when ω0 = ω
′
a,
ωc is significantly shifted from the characteristic fre-
quency ω0 of the LC resonator in the ultrastrong-coupling
regime. It has been pointed out that the counter-rotating
terms can give rise to a shift in the true resonance
frequency of the atomic transition, i.e., Bloch-Siegert
shift [57–60] ∆ωBS = (ηd0E0)2/(4~2ωa), where E0 is the
micromaser amplitude. This energy-level shift, which is
much larger than the cold-cavity linewidth κ and the
atomic-transition linewidth Γ, additionally induces the
cavity frequency pulling effect [61] and the resulting oscil-
lation frequency is given by ωc ≈ ω0 +∆ωBS/(1+2Γ/κ).
Such an apparent mismatch between ωc and ω0 = ω
′
a
is the other characteristic of ultrastrong atom-resonator
coupling.
Spectral Linewidth. For the system in the steady state,
the atoms periodically exchange energy with the super-
conducting resonator. As shown in Figs. 3a and 3b,
the steady-state electric field Es(t) primarily exhibits the
sinusoidal behavior in different atom-resonator coupling
regimes Es(t) = E0 cosωct. In contrast, the sinusoidal
oscillations of macroscopic atomic variables are signifi-
cantly distorted in the ultrastrong-coupling regime be-
cause of the enhanced counter-rotating terms. Neverthe-
less, all different variables oscillate at the same frequency
ωc. We should note that although the steady-state mi-
cromaser mainly presents a sinusoidal oscillation, it does
not indicate the applicability of slowly varying envelope
approximation in the ultrastrong-coupling regime.
To investigate the spectral linewidth of the Rydberg
micromaser, we express all variables as a sum of the
steady-state part and a small fluctuating term, for ex-
ample, E(t) = Es(t) + δE(t). By Fourier transform, e.g.,
δE(ω) = ∫∞−∞ δE(t)e−iωtdt, Eqs. (4) are reduced to a
set of algebraic equations for the fluctuations with the
Langevin forces FU,V,W(ω) as the noise sources. The
linewidth of internal microwave is attributed to the phase
fluctuation
δϕ(ω) =
E(ω)− E∗(−ω)
2iE0 , (6)
for ω around ωc. δϕ(ω) is δ correlated in frequency, i.e.,
〈δϕ(ω)δϕ(ω′)〉 = D
(ω − ωc)2 δ(ω + ω
′), (7)
because of the δ-correlated feature of Langevin forces and
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FIG. 3. (Color online) (a) and (b): Steady-state oscillations of the internal electric field Es and the atomic variables Us, Vs,
and Ws in the strong- and ultrastrong-coupling regimes. (c) Spectral linewidth D as a function of g with R/κ = 20. (d)
Dependence of D on the pumping rate R with g/g0 = 0.8. For comparison, we also insert the Schawlow-Townes limit DST .
the spectral linewidth D is derived as (see Appendix B)
D =
g2~ω0
4I[(κ/2 + Γ)2 + ∆ω2BS ]
[
R
(
3
2
+ σ¯z
)
+
Γ
2
W0
+
(κ/2 + Γ)∆ωBS
(κ/2 + Γ)2 + ∆ω2BS
〈Ωseff(t)Us(t)〉t
+
(κ/2 + Γ)2 −∆ω2BS
(κ/2 + Γ)2 + ∆ω2BS
〈Ωseff(t)Vs(t)〉t
]
. (8)
Figure 3c illustrates the dependence of D on g. When
the system passes the threshold in the weak-coupling
regime, D is significantly suppressed, indicating the for-
mation of maser oscillation. However, the linewidth D
raises as g is increased in the strong-coupling regime.
This is because in the limit of (κ2 +Γ) ∆ωBS , D is pro-
portional to g2 ∝ η2, meaning a small fluctuation of the
atomic polarization can cause a large phase noise in the
microwave field. The spectral linewidth D can be even
larger than both the resonator and atomic-polarization
linewidths κ and Γ, indicating the feedback (interference)
effect of the resonator hardly takes effect. Surprisingly,
when g is further enhanced to the ultrastrong-coupling
regime, D starts to decrease. This is because D ∝ η−2
when ∆ωBS exceeds (
κ
2 + Γ), i.e., the Bloch-Siegert shift
∆ωBS weakens the effect of the atomic-polarization fluc-
tuations. We deduce that D scales inversely with W0
from Fig. 3c. It should be noted that according to the
Heisenberg uncertainty relation, this suppressed phase
noise enhances the intensity fluctuation of the micro-
maser field, which is consistent with the result in [35].
Moreover, since D is inversely proportional to the in-
traresonator energy I, increasing the pumping rate R
always reduces D (see Fig. 3d).
For the conventional masers/lasers, the quantum-
limited spectral linewidth is predicted by the Schawlow-
Townes formula
DST =
κ~ω0
2I
Nu,0
W0
(
Γ
Γ + κ/2
)2
, (9)
where Nu,0 gives the average steady-state population
in the upper masing/lasing level [62–64]. Applying the
usual maser/laser theory to the regime of ultrastrong cou-
pling, DST can be close to or even exceed the resonator-
mode frequency ω0 (see Fig. 3c), which is unphysical.
However, if we substitute I, Nu,0 and W0 by our nu-
merical results without taking rotating-wave and slowly-
varying-envelope approximations, the resulting DST is
approximately equal to D (see Figs. 3c and 3d). We
believe that the Schawlow-Townes linewidth DST is a
general form and also valid in the ultrastrong-coupling
regime where all system variables should be derived with-
out using rotating-wave and slowly-varying-envelope ap-
proximations.
Conclusion. In summary, we have numerically stud-
ied a superconducting micromaser, where the Rydberg
atoms interact with a high-Q LC resonator without using
rotating-wave and slowly-varying-envelope approxima-
tions. In comparison with the conventional maser/laser
theory, the impact of counter-rotating terms in the atom-
resonator interaction on the masing dynamics are re-
flected in three aspects: reducing the electric-field en-
ergy inside the superconducting resonator (see Fig. 2c),
shifting the maser oscillation frequency (see Fig. 2d),
and suppressing the phase fluctuation of microwave field
(see Fig. 3c). Our results may be extended and tested
via the quantum micromaser model based upon the con-
tinued fraction method [65–68], which also includes the
quantum effects of the electromagnetic radiation in the
weak-field limit.
Extrapolating the tremendous progress in the devel-
opment of hybrid superconducting quantum circuits, our
proposed system provides a promising platform for study-
ing cavity QED in the ultrastrong-coupling regime, such
as the quantum phase transition [29, 30], the squeezing
of an electromagnetic field [69], and the quantum mem-
ory [70]. Furthermore, it enables exploring fundamen-
tal principles in quantum optics, including the physical
interpretation of the counter-rotating terms, the role of
virtual photons in the atom-field interaction, and how
to quantize the atom-field system entirely since the pho-
ton number is no longer a (quasi-)good quantum num-
6ber when the atom-field interaction approximates (ultra-
strong coupling) or even exceeds (deep strong coupling)
the light frequency.
Superconducting circuits offer substantial design flexi-
bility of resonator in the practical application. The recent
experimental progress of an ensemble of Rydberg atoms
interacting with a microwave cavity [71, 72] indicate the
prospect of exploring experimentally the ultrastrong cou-
pling regime discussed in this work.
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Heisenberg-Langevin Eequations
In this Appendix, we provide the details on the
derivation of equations (4) of motion for the macro-
scopic atomic variables via the Heisenberg-Langevin ap-
proach [51–53].
From the Hamiltonian (2) and Heisenberg equation
d
dt
O =
1
i~
[O,H], (10)
for an arbitrary operator O, we obtain the quantum
Langevin equations of motion for the operators of the
j-th atom
d
dt
σ(j)uu (t) = −Γσ(j)uu (t)−
i
2
θ(t− tj)Ωeff(t)
×
[
σ
(j)†
− (t)− σ(j)− (t)
]
+ f (j)σuu(t), (11a)
d
dt
σ
(j)
− (t) = (−Γ− iωa)σ(j)− (t) +
i
2
θ(t− tj)Ωeff(t)
×
[
σ(j)uu (t)− σ(j)ll (t)
]
+ f (j)σ− (t), (11b)
d
dt
σ
(j)
ll (t) = −Γσ(j)ll (t) +
i
2
θ(t− tj)Ωeff(t)
×
[
σ
(j)†
− (t)− σ(j)− (t)
]
+ f (j)σll (t). (11c)
The above Heisenberg-Langevin equations have same
structure
d
dt
x(t) = Ax(t)x(t) + fx(t), (12)
where the Langevin forces (〈f (j)x (t)〉 = 0) are correlated
with the δ−function in time, i.e.,
〈f (i)x (t)f (j)y (t′)〉 = 2d(x, y)δijδ(t− t′), (13)
with the diffusion coefficient
2d(x, y) = −〈xAy〉 − 〈Axy〉+ d
dt
〈xy〉. (14)
The non-vanishing terms are derived as
2d (σuu, σuu) = Γ〈σuu(t)〉, (15a)
2d
(
σuu, σ
†
−
)
= Γ〈σ†−(t)〉, (15b)
2d
(
σ†−, σ−
)
= Γ〈σuu(t)〉, (15c)
2d
(
σ†−, σll
)
= Γ〈σ†−(t)〉, (15d)
2d (σ−, σuu) = Γ〈σ−(t)〉, (15e)
2d
(
σ−, σ
†
−
)
= Γ〈σll(t)〉, (15f)
2d (σll, σ−) = Γ〈σ−(t)〉, (15g)
2d (σll, σll) = Γ〈σll(t)〉. (15h)
Adding up the individual atomic operators, we obtain
the macroscopic atomic operators
Nu(t) =
∑
j
θ(t− tj)σ(j)uu (t), (16a)
M†(t) =
∑
j
θ(t− tj)σ(j)†− (t), (16b)
M(t) =
∑
j
θ(t− tj)σ(j)− (t), (16c)
Nl(t) =
∑
j
θ(t− tj)σ(j)ll (t), (16d)
for which the corresponding equations of motion are
given by
d
dt
Nu(t) = Ru − ΓNu(t)− i
2
Ωeff(t)
× [M†(t)−M(t)]+ FNu(t), (17a)
d
dt
M†(t) = R∗M + (−Γ + iωa)M†(t)−
i
2
Ωeff
× [Nu(t)−Nl(t)] + F †M (t), (17b)
d
dt
M(t) = RM + (−Γ− iωa)M(t) + i
2
Ωeff(t)
× [Nu(t)−Nl(t)] + FM (t), (17c)
d
dt
Nl(t) = Rl − ΓNl(t) + i
2
Ωeff(t)
× [M†(t)−M(t)]+ FNl(t), (17d)
where the injection values of are given by
Ru = R〈σ(j)uu (t = tj)〉, (18a)
RM = R〈σ(j)†− (t = tj)〉, (18b)
Rl = R〈σ(j)ll (t = tj)〉, (18c)
7and the macroscopic Langevin forces are defined as
FNu(t) =
∑
j
[
δ(t− tj)σ(j)uu (tj) + θ(t− tj)f (j)σuu(t)
]
−Ru, (19a)
FM†(t) = F
†
M (t)
=
∑
j
[
δ(t− tj)σ(j)†− (tj) + θ(t− tj)f (j)†σ− (t)
]
−R∗M , (19b)
FM (t) =
∑
j
[
δ(t− tj)σ(j)− (tj) + θ(t− tj)f (j)σ− (t)
]
−RM , (19c)
FNl(t) =
∑
j
[
δ(t− tj)σ(j)ll (tj) + θ(t− tj)f (j)σll (t)
]
−Rl. (19d)
The above Heisenberg-Langevin equations have same
structure
d
dt
X(t) = AX(t)X(t) + FX(t). (20)
The macroscopic Langevin operators (〈FX(t)〉 = 0) are
correlated with the δ-function in time,
〈FX(t)FY (t′)〉 = 2D(X,Y )δ (t− t′) , (21)
The non-vanishing diffusion coefficients are derived as
2D (Nu, Nu) = Ru + Γ〈Nu(t)〉, (22a)
2D
(
Nu,M
†) = Γ〈M†(t)〉, (22b)
2D
(
M†,M
)
= Ru + Γ〈Nu(t)〉, (22c)
2D
(
M†, Nl
)
= R∗M + Γ〈M†(t)〉, (22d)
2D (M,Nu) = RM + Γ〈M(t)〉, (22e)
2D
(
M,M†
)
= Rl + Γ〈Nl(t)〉, (22f)
2D (Nl,M) = RM + Γ〈M(t)〉, (22g)
2D (Nl, Nl) = Rl + Γ〈Nl(t)〉, (22h)
where we have chosen the Poissonian statistics,∑
i 6=j
〈δ (t− ti) δ (t− tj)〉s = R2. (23)
Now we derive the c-number Langevin equations,
which are equivalent to the quantum Langevin equations.
One should choose a particular ordering for the products
of atomic operators, because the c-number variables com-
mute with each other while the operators do not. Here,
we choose the normal ordering of the atomic operators
M†(t), Nu(t), Nl(t), M(t).
Then we can replace the atomic operators by a set of
c-number variables M∗(t), Nu(t), Nl(t), and M(t), re-
spectively, which obeys the equations of motion
d
dt
Nu(t) = Ru − ΓNu(t)− i
2
Ωeff(t)
× [M∗(t)−M(t)] + FNu(t), (24a)
d
dt
M∗(t) = R∗M + (−Γ + iωa)M∗(t)−
i
2
Ωeff(t)
× [Nu(t)−Nl(t)] + F∗M(t), (24b)
d
dt
M(t) = RM + (−Γ− iωa)M(t) + i
2
Ωeff(t)
× [Nu(t)−Nl(t)] + FM(t), (24c)
d
dt
Nl(t) = Rl − ΓNl(t) + i
2
Ωeff(t)
× [M∗(t)−M(t)] + FNl(t). (24d)
The above Langevin equations have same structure
d
dt
X (t) = AX (t)X (t) + FX (t). (25)
The c-number Langevin forces (〈FX (t)〉 = 0) are δ cor-
related in time,
〈FX (t)FY(t′)〉 = 2D(X ,Y)δ(t− t′), (26)
with the diffusion coefficient
2D(X ,Y) = 2D(X,Y )+〈XAY 〉+〈AXY 〉−AXY−XAY .
(27)
The non-vanishing diffusion coefficients are derived as
2D (M∗,M∗) = −iΩeffM∗(t), (28a)
2D (M∗,M) = Ru + ΓNu(t), (28b)
2D (Nu,Nu) = Ru + ΓNu(t)− i
2
Ωeff(t)
× [M∗(t)−M(t)] , (28c)
2D (Nu,Nl) = i
2
Ωeff(t) [M∗(t)−M(t)] , (28d)
2D (Nl,Nl) = Rl + ΓNl(t)− i
2
Ωeff(t)
× [M∗(t)−M(t)] , (28e)
2D (Nl,M) = RM + ΓM(t), (28f)
2D (M,M) = iΩeff(t)M(t). (28g)
We further define the c-number macroscopic variables
U(t) =M∗(t) +M(t), (29a)
V(t) = −i [M∗(t)−M(t)] , (29b)
W(t) = Nu(t)−Nl(t), (29c)
the injection parameters
RU = R∗M +RM , (30a)
RV = −i (R∗M −RM ) , (30b)
RW = Ru −Rl, (30c)
8and the c-number macroscopic Langevin forces
FU (t) = F∗M(t) + FM(t), (31a)
FV(t) = −i [F∗M(t)−FM(t)]
= −i [FM∗(t)−FM(t)] , (31b)
FW(t) = FNu(t)−FNl(t), (31c)
and obtain the c-number Langevin equations, which cor-
respond to Eq. (4),
d
dt
U(t) = RU − ΓU(t)− ωaV(t) + FU (t), (32a)
d
dt
V(t) = −ΓV(t) + ωaU(t)− Ωeff(t)W(t)
+FV(t), (32b)
d
dt
W(t) = RW − ΓW(t) + Ωeff(t)V(t) + FW(t), (32c)
with RU = Rσ¯x, RV = 0, and RW = Rσ¯z.
For an arbitrary set of initial states, the Rydberg mi-
cromaser system arrives at a steady state after a long
enough time t0. These steady-state solutions oscillate
at the common frequency ωc and, therefore, can be ex-
panded into the Fourier series, i.e.,
Es(t) = 1
2
E0eiωct + 1
2
E0e−iωct, (33a)
Us(t) =
∑
n
usne
inωct, (33b)
Vs(t) =
∑
n
vsne
inωct, (33c)
Ws(t) =
∑
n
wsne
inωct. (33d)
We use the superscript ’s’ to denote the steady state.
E0 is the amplitude of the electric-field oscillation. The
steady-state effective Rabi frequency is then given by
Ωseff(t) =
∑
n=−1,0,1
qsne
inωct, (34)
with qs0 = Ω, q
s
1 = −d0E0/~, qs−1 = −d0E0/~.
In the steady state, we consider the average values of
different atomic variables, i.e.,
W0 = 〈Ws(t)〉t
= lim
T→∞
0V
T
∫ t0+T
t0
Ws(t)dt, (35a)
Nu,0 = 〈N su(t)〉t, Nl,0 = 〈N sl (t)〉t, andW0 = Nu,0−Nl,0.
The conservation of energy and conservation of atomic
number lead to the equations
~ωa (Ru − ΓNu,0) = κI, (36a)
Γ (Nu,0 +Nl,0) = R, (36b)
from which one can easily obtain Eq. (5).
Spectral linewidth of Rydberg micromaser
To investigate the spectral linewidth of the microwave,
we write the electric field and different atomic variables as
a sum of the steady-state solution and a small fluctuation,
E(t) = Es(t) + δE(t), (37a)
U(t) = Us(t) + δU(t), (37b)
V(t) = Vs(t) + δV(t), (37c)
W(t) =Ws(t) + δW(t). (37d)
The effective Rabi frequency is written as
Ωeff(t) = Ω
s
eff(t)−
2d0
~
δE(t). (38)
It is easy to derive the following equations of motion for
the small fluctuations
d
dt
δU(t) = −ΓδU(t)− ωaδV(t) + FU (t), (39a)
d
dt
δV(t) = −ΓδV(t) + ωaδU(t)− Ωseff(t)δW(t)
−2d0
~
Ws(t)δE(t) + FV(t), (39b)
d
dt
δW(t) = −ΓδW(t) + Ωseff(t)δV(t)
−2d0
~
Vs(t)δE(t) + FW(t). (39c)
We then apply the Fourier transform to convert above
differential equations into a set of algebraic equations
δV(ω) = Γ + iω
ωa
0Veff
d0
Π(ω)δE(ω) + FU (ω)
ωa
, (40a)
δV(ω) = − ωa
Γ + iω
0Veff
d0
Π(ω)δE(ω)
−
∑
n
qsn
Γ + iω
δW(ω − nωc) + FV(ω)
Γ + iω
−2d0
~
∑
n
wsn
Γ + iω
δE(ω − nωc), (40b)
δW(ω) =
∑
n
qsn
Γ + iω
δV(ω − nωc) + FW(ω)
Γ + iω
−2d0
~
∑
n
wsn
Γ + iω
δE(ω − nωc), (40c)
where we have used the equation
δU(ω) = −0Veff
d0
Π(ω)δE(ω), (41)
which is derived from the Fourier transform of the wave
equation (3) for the electric field, with
Π(ω) =
(iω)2 + κ(iω) + ω20
(iω)2
. (42)
9For a maser/laser operates above the threshold, the
spectral linewidth is main from the microwave phase fluc-
tuations, Eq. (6). We focus the region of ω close to ωc,
and δϕ(ω) can be expressed as
δϕ(ω) ≈ 1
ω − ωc
d0
20VeffE0
×∆ωBSFU (ω) + (κ/2 + Γ)FV(ω)
(κ/2 + Γ)2 + ∆ω2BS
, (43a)
where we has used the approximations
Π(ω) ≈ (2/ω0)(ω − ω0 − iκ/2), (44a)
ω2a + (Γ + iω)
2 ≈ −2ωc [(ω − ωa)− iΓ] . (44b)
Based on the correlation properties of F∗M(ω) and
FM(ω), the phase noise δϕ(ω) is δ-correlated in fre-
quency, i.e., Eq. (7), and the spectral linewidth is given
by Eq. (8).
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